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Abstract 

Convergence to a single steady state is shown for non-negative and radially symmetric solutions 
to a diffusive Hamilton-Jacobi equation with homogeneous Dirichlet boundary conditions, the 
diffusion being the p-Laplacian operator, p > 2, and the source term a power of the norm 
of the gradient of u. As a first step, the radially symmetric and non-increasing stationary 
solutions are characterized. 
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1 Introduction 

We investigate the large time behaviour of non-negative and radially symmetric solutions to the 
initial-boundary value problem 

d t u = A p u+\Vu\ q , x G B, £G(0,oo), 

u =0, x G dB, iG(0,oo), (i.i) 

u(x,0) = uq{x), x G B, 

where B := {x G R N : \x\ < 1} is the unit ball in R , N > 2, and the p-Laplacian operator is 
defined by 

A p u = div(|Vu| p - 2 Vw). 
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We further assume the initial condition 



wo G Wq ,0 °(B) is radially symmetric and non-negative and uq ^ 0, (1-2) 

while the parameters p and q satisfy 

p>2 and < q < p - 1. (1.3) 

The partial differential equation in (|1.1[) is a second-order parabolic equation featuring a diffusion 
term (possibly quasilinear and degenerate if p > 2) and a source term | \7u\ q counteracting the effect 
of diffusion and depending solely on the gradient of the solution. The competition between the 
diffusion and the source term is already revealed by the structure of steady states to (|1.1[) . Indeed, 
while it follows from [JJ Theorem 1] that zero is the only steady state in C(B) when p > 2 and 
q > p— 1, several steady states may exist whenp > 2 and q € (0,p — 1) [51 [IH [H5] • Another typical 
feature of the competition between diffusion and source is the possibility of finite time blow-up in a 
suitable norm, and this phenomenon has been shown to occur for (jTTTJ) when p = 2 and q > 2 [17] . 
More precisely, it is established in [T7] that, when p = 2 and q > 2, there are classical solutions to 
(|1.1[) for which the L°°-norm of the gradient blows up in finite time, the L°°-norm of the solution 
remaining bounded. These solutions may actually be extended to all positive times in a unique way 
within the framework of viscosity solutions [5[ [20] , the boundary condition being also satisfied in 
the viscosity sense. According to the latter, the homogeneous Dirichlct boundary condition might 
not always be fulfilled for all times, a property which is likely to be connected with the finite time 
blow-up of the gradient. 

Coming back to the case where p and q fulfil (|1.3|) and several steady states may exist, a complete 
classification of steady states seems to be out of reach when B is replaced by an arbitrary open set 
of M. N . Nevertheless, there are at least two situations in which the set of stationary solutions can 
be described, namely, when N = 1 and B = (—1,1) and when N > 2 under the additional 

requirement that the steady states are radially symmetric and non-increasing, the latter being 
the first result of this paper. More precisely, we show that (jTTTJ) has a one-parameter family of 
stationary solutions and that each stationary solution is characterized by the value of its maximum. 

Theorem 1.1 Assume fi.flp . Let w <E W 1,oc (B) be a radially symmetric and non-increasing 
viscosity solution to — A p w — |Vu>| 9 = in B satisfying w = on dB. Then there is $ € [0,1] 
such that w = w$, where 

l 

w4x):=c [ (p-$Pp-^- l A P 1 q dp, xeB, (1.4) 



max{ \x | 



for e [0, 1] with 



(N-l)(p-l-q) ( p-l-q \ 1/(P " 1 " <?) ^ . ^ 
p := H > 1 and c := r-j > 0. (1.5) 

p - 1 \(p-q)p ) 

In particular, we have wq(x) = (cg/a) (1 — 1^1") for x G B, where a := (p — q)/(p — 1 — q) > 1. 
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Remark 1.2 As already mentioned, for any M G [0,Co/ai] there is one and only one G [0,1] 
such that ||w^|iL~(B) = M as ||wi?||l=°(S) is a decreasing function of •& £ [0, 1]. This property plays 
an important role in the forthcoming analysis of the large time behaviour of solutions to U.l\) . 

Having a precise description of the set of steady states of at our disposal, it is natural to 
investigate whether they attract the dynamics of for large times. In other words, given a 
solution to (jl.ip . does it converge to a steady state as t — > oo? A positive answer to this question 
is given in pjj [Hj when N = 1, B = (—1,1), and p and q fulfil (| 1 . 3|) . The one dimensional 
framework is fully exploited there as it allows the construction of a Liapunov functional by the 
technique developed in |21j . Such a nice tool does not seem to be available here and we instead use 
the theory of viscosity solutions [TU] and more precisely the relaxed half-limits method introduced 
in [7] . This approach has already been used in [5[ [T51 [TB] to investigate the large time behaviour 
of solutions to Hamilton-Jacobi equations and can be roughly summarized as follows: given a non- 
negative and radially symmetric solution u to (jl.ip which is bounded in W 1 ' co {B) 1 the half-relaxed 
limits 

it*(x) := liminf u(x,e~ 1 s) and u*(x) := limsup u(x,e^ 1 s) 7 xGB, 

(s, e)-»(t, 0) (*,e)->(t,0) 

are well-defined, do not depend on t > 0, and are Lipschitz continuous viscosity supersolution and 
subsolution to 

-A p z - \Vz\ q = in B, z = on dB, 

respectively, by [TU1 Lemma 6.1]. Clearly, u* < a* on B but we cannot apply the comparison 
principle at this stage to conclude that u* > u* on B. However, additional information are 
available in this particular case, namely that u t and u* are both non-negative, radially symmetric, 
non-increasing, and have the same maximal value. Extensive use of these properties allows us to 
prove that u* > u*, from which we readily conclude that u* = u* is a Lipschitz continuous radially 
symmetric and non-increasing stationary solution to (jl.l|) . Consequently, = w* = for some 
t) G [0, 1] by Theorem 11.11 and the assumption uo ^ prevents i9 = 1. The convergence result we 
obtain actually reads as follows. 

Theorem 1.3 Assume and and let u denote the (radially symmetric) viscosity solution 

to M.l\) . Then there is a unique i9 G [0,1) such that 

lim ||u(t) -m\\c(B) =°- 

Notice that Theorem 1 1 . 31 applies in particular in the semilincar case p = 2 with q G (0,1) according 
to (jl.3p . Still in the semilincar casep = 2, several results on the large time behaviour of solutions to 
(|l.lj) are also available when q > 1 and £? is replaced by an arbitrary open set f2 of [TJ [SI [THJ [5D] , 
including the convergence to zero of global solutions which arc bounded in H /1,00 (il). 

The analysis in this paper being restricted to radially symmetric solutions, we define r := \x\ and 
switch between the notation u = u(x,t) and u = u(r,t), whenever this is convenient. 
For further use, we introduce the following notations: 

F(s, X) := -|s| p - 2 tracc(X) - (p - 2)|s| p - 4 (Xs, s) - |«|« for (s, X) G R w x R iVxJV , (1.6) 
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its radially symmetric counterpart 

/(r, n, C) := -{p - 2 C - - \p\ q for (r, M , C) G (0,1) X R X M, (1.7) 

r 

and the radially symmetric p-Laplacian operator 

/ (r, M ,C):=-(p-l)|Mr 2 C-^ :l ^H P "V for (r, M ,() e (0,1) x 1 x 1. (1.8) 

r 

2 Radially symmetric and non-increasing stationary solu- 
tions 

In this section, we prove Theorem 11.11 that is, if w is a radially symmetric, non-increasing, and 
Lipschitz continuous viscosity solution to the stationary equation 

-A pW - |Vw|« = in B, 

w = on dB, 

then w = w$ for some i9 G [0, 1]. To this end, we first observe that, as a function of r = \x\, w is a 
viscosity solution to f(r, d r w, d^w) = in (0, 1) with w(l) = (recall that / is defined in (JT77J) ) . 
Next, as a preliminary step, let us first give a formal proof, assuming w to be in C 1 (i?) and solving 
(12.11) pointwise. In particular, we will derive an identity (see (|2.3[) below) which turns out to be 
valid for viscosity solutions as we shall see later on. 

As w is radially symmetric and in C 1 (B), we have d r w(0) = 0. In addition, by (|2.1|) . 

tp(r) := ^-Wdrw^drw^r), r G [0, 1], 

fulfils <p G W 1 ' 00 ^,!)) with d r tp(r) = -r N - 1 \d r w(r)\ q < a.e. in (0,1). Thus, <p is a non- 
increasing function in [0,1]. As moreover w is non-increasing with w(l) = 0, we have d r w(l) < 0. 
Now, either d r w(l) = and thus </?(l) = 0. Since ip is non-increasing with <p(0) = 0, we conclude 
that ip = 0. This implies u> = Wi = 0. 

Or d r w(l) < 0, and the continuity and monotonicity of ip warrant that there is a unique $ G [0, 1) 
such that p = in [0, -d] and ip < in (#, 1]. Hence, 

r¥ ,(r) = -~ r tt N - 1] ( p - 1 - q ^^ p -V\<p{r)\ q /( p - 1] = -r f3 - 1 (-<p{r)) q/(p - 1) in (0, 1). 

After integration we obtain 



p-1 



-(-^(r))^- 1 -^/^- 1 ) + ir^ = 7 for r G (0, 1) 



p-l-q 
with some constant 7 G R. Introducing 

X {z) := -^-j^-\z\ p ' 2 - q z forzel, (2.2) 

we end up with 

r^xidMr)) + \r 13 =7 for r G (0, 1) (2.3) 

P 
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as d r w < in 1). Letting r \ ■& implies 7 = ft 13 / (3 owing to driv^) = and < q < p — 1. 
Furthermore, due to d r w < in 1), we have 

P- 1 Un-i)/(v-i), Q ...,_^ p - 1 -« 1 



^-i)/b-D(_a rW ( r ))j 9 = _L _ r P) for re (0,1). 



p- 1-g V / /? 

Hence, we conclude 

d r w(r) = - ( P ^ — I (r - dPr-W-V )j for r 6 (1?, 1). 

Using i/j(1) = and the definition of Co, a further integration implies 

1 

fp - ^p-^-D dp = w#(r) for r G 1]. 

r 

Furthermore, we get w(r) = ttj(t?) for any r G [0,i?] since d r w = in [0, i9] and we conclude that 



We now turn to the proof of Theorem 1 1 . 1 1 and first establish some preliminary results. We recall 
that, by the Rademacher theorem, a Lipschitz continuous function v G W 1,oo ((0, 1)) is differentiable 
a.e. and the measure of the differentiability set 

D(v) := {ro G (0,1) : d r v(ro) exists } 

is thus equal to one. 

Lemma 2.1 Let v G M /1 '°°((0, 1)) 6e a non-negative and non-increasing viscosity supersolution to 

f Q (r,d r z,d 2 r z) = in (0,1), (2.4) 

£/ie Hamiltonian fo being defined in \1.8\) . Then, if r\ £ D(v) and T2 £ i^(^) are suc/i that n < r2, 
have 

r (N-i )/{p -i )dMr2) < ^-D/Cp-D^^). 
Proof. Take < n < 7-2 < 1 with ri, 7-2 G -D(v) and assume for contradiction that 

f (JV-l)/(p-l) a / \ „ (JV-l)/(p-l)o / \ t 

ix-=r\ '<9 r u(ri) < r^ a r v(r 2 ) =: 

As u is non-increasing we have £2 < 0. Now take £1 < 771 < 772 < £2 < and define <!> by 

r (^-i)/( P -i) 9r$(r) = ^ + {m _ 7,0^^, r G [n.ra], 

r2 - ri 

along with $(ri) = 0. 

On the one hand, i; — is continuous in [r\ 1 r 2 ] and thus attains its minimum at a point ro G [r\, 7*2]. 
On the other hand, we have 

dr(v-*)(n)= JiTyt-D <0 and -*)(*») = >0 
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so that we cannot have ro = r\ or ro = r 2 . Thus, ro G (ri,r 2 ) and, since v is a viscosity 
supersolution to (|2.4p . we have 



1 



JV- 



T 9 r (r JV - 1 |$.*| p - 2 $.$) (r ) > 0. 



Since r^ -1 ^ 1) 9 r $(r) < 772 < for r G [ri,r 2 ] we obtain 

- (r A, - 1 |9 r $| p " 2 3 r $) (r) = r JV - 1 |5r*(r)| p " 1 = (-r^ -1 ^^ 1 ^*^))* -1 



??i + (572 - ?/i ) 



r — n 



r 2 — 7*1 



p-1 



Differentiating and taking r = ro, we end up with 
< -d r (r rf - l \a r &\ p - a d r &) (r ) 



= (P-1) 
and a contradiction. 



»7i + - Vi) 



ro - ri 



r2 - ri 



p-3 



??1 + (?/2 - ?/l) < 0, 

ri-r\) r 2 - r x 



//// 



In order to show that a viscosity solution to (|2.f [) satisfies (|2.3p , we next prove that the left-hand 
side of (|2.3[) is non- increasing for a supersolution to (|2.1[) . 

Lemma 2.2 Let to G W '°°((0, 1)) 6e a non-increasing viscosity supersolution to f(r, d r z, d^z) = 
in (0, 1) such that ||w||l°°((o.i)) > an d W (X) — 0? an d define ro G [0, 1] 63/ 

r := inf {r G (0, f ] : w(r) < ||HU°°((0,1))} ■ 
If T\ G D(w) and r 2 G D{w) are such that r$ < r\ < r 2 , £/ien 

r /3 J> 

r^^idrwin)) + -l- > r^x^r-u^)) + -J-, 

£/ie parameter (3 and the function x being defined in il.5\) and A2.2\) . respectively. 

Proof. The properties of w imply ro G [0, 1). As w is non-increasing and Lipschitz continuous, 
the definition of ro yields that there is a sequence (g n )n>i such that g n G D(w), d r w(g n ) < and 
Qn \ ro as n — ► 00. Pick r\ G Z?(w) n (ro, 1). For n large enough, we have r± > g n . Since w is 
clearly also a supersolution to (|2.4p , wc infer from Lemma 12. f I that 



r[ N - 1)/(p - 1] d r w{ri) < Q^-^^dMQn) < 
for n large enough. Consequently, 

r^-V/b-Vdrwin) < for n G D(w) n (r , f). 



(2.5) 



6 



Assume now for contradiction that there are 7*1, r 2 G (7*0, 1) H D(w) such that r\ < r 2 and 



As d r w(ri) < by (|2.5p . we have x{9 r w(fi)) < and we can choose two real numbers 771 and 772 
such that 

J> r J? 

rf^xidrwin)) + -± < 771 < % < rl~ x x{d r w(r 2 )) + -j , f)i < -j> 

and 

Pirn - m) ^ f n ^ 

r 2 - rj" 

Indeed we first choose r/i G (rf ~ 1 x(d r w(ri)) + (rf/[3),rf/{3) and then 7/2 > 771 close enough to 771 
in order to have a G (0, 1). Setting now 



A:=?7 1 -(l-a)-|-= 772 -(l-a)-J-, 



let $ denote the solution to 



r l3 ~ 1 x{d r ${r)) + a-j- = A, re[n,r 2 ], (2.6) 



such that $(ri) = 0. Observe that the choice of a and A ensure that and 



„/3 



x{dMn)) + j=Vi for 7 = 1, 2. (2.7) 



Due to 

A-af = r ll -f<0 

we conclude by (|2.6[) that 

X(<9 r $(r)) = r"^ 1 ' ^A-o^ < r-O 3 - 1 ) ^4 _ a li J <0 for r G [ri,r 2 ]. 

This implies that 9 r <f>(r) < for r 6 [7*1, r 2 ], so that <f> G C 2 ([r i7 r 2 ]) by (|2.6|) . In addition 

(-9 r $(r)f = P ~ 1 ~ g (£r - Ar"^" 1 )) , r G [n,r 2 ], 
P-1 VP / 



G [ri,r 2 ] 



hence 

1 « \ 1 V(p-1-9) 
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Furthermore, due to (|2.7p and the choice of 771, we obtain 

This implies x(^rw(fi)) < x(^r^(fi)) and, since x is increasing, 

9Xn)<9 r *(ri). 

Similarly, we conclude 

d r w(r 2 ) > 9 r $(r 2 ). 

Now u> — $ is a continuous function in [r l7 r 2 ] and thus attains its minimum at some r m £ [r\, r 2 ]. 
The above two inequalities prevent r rn to be equal to r\ or r 2 and, since w is a viscosity supersolution 
to f(r, d r v, d^v) = in (0, 1), we have 

— «f=iA (r w - 1 |^.$(r)| p - a ^.$(r)) (r m ) - |$.*(r m )|« > 0. 

But as <9 r $ < 0, fUJ) implies 

-<9 r (r^- 1 !^*^)!*"- 2 ^*^)) = a r (r Ar - 1 |$.$(r)| p - 1 ) 



9 r 



P- 1 -9^8-1 



p-1 



r p_1 x(ar*W) 



(p_l)/(p_l_ g )\ 



J8-1 



E_J_V-i x(fl ^ (r)) 
p - 1 

p- 1 -9 



[(p-l)/(p-l-g)]-2 



P 



^/S-lXp-lVfr-l-g) 



ar N ~ l \d r ^{r)\ q for r e [r x , r 2 ], 



p-1 



X (9 r $(r)) 



[(p-i)/(p-i-«)]-i 



so that 



(2.8) 



-5 r (r JV - 1 |a r $(r)|P- 2 a r <I>(r)) (r m ) - |$.*(r m )|« = (a - l)|^(r m )|« < 



since a < 1, and a contradiction. 



//// 



In a similar way we now establish that the left-hand side of (|2.3|) is non-decreasing for viscosity 
subsolutions to (|2.ip . 

Lemma 2.3 Let w £ iy 1,oo ((0, 1)) &e a non-increasing viscosity subsolution to f(r,d r z,d^z) = 
m (0, 1) suc/i i/ia< || w||l°°((o.i)) > and w(l) — 0, and define ro G [0, 1] &j/ 

r := inf {r E (0,1] : w(r) < ||w|| L ~((o,i))} ■ 
If r\ £ D(w) and r 2 £ D{w) are such that ro < r\ < r 2 , £/ien 

r'l^xidrwir^) + < rf -1 x(0 r to(r2)) + -J-. 
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Proof. The properties of w imply tq € [0, 1). Assume for contradiction that there are r\, r% € 
(r , 1) n D(w) such that T\ < r 2 and 

rf^xidMn)) + r f> 4- l X {d r w{r 2 )) + T -j. 
We may then choose 771 , 772 £ K such that 

3-i r r' 3 

rf x(9 r u;(ri)) + -|. > 771 > 772 > rf x(drW(r 2 )) + -J-, 



and define 



a:=1 + ^% ?^>! and ^ : ='?i + (a-l)4 = 772 + (a- 1)4- 



Let $ denote the solution to 



r l3 ~ 1 x(dr<I > (r)) + a— = A, re[n,r 2 ], (2.9) 



such that = 0. Thanks to the choice of a and A, we have 



+ J=*H for* = 1,2, (2.10) 



and the monotonicity of w implies that 



A - a± = m - ^ < rf-^^^Cn)) < 0. 



Consequently, 



x(<9 r $(r)) = r"^ 1 ^ < r"^" 1 ) ^A-a^j <0 for r G [n, r 2 ], 

hence 9 r $(r) < for r <E [j"i,f"2]- We then conclude from (|2.9[) that 4> S C 2 ([ri, 7-2]). Furthermore, 
due to (|2.10p . the choices of 771 and 772, and the monotonicity of x, we obtain 

d r w(ri) > and d r w{r2) < d r $(r 2 )- 

Now w — $ is a continuous function in [ri,ra] and thus attains its maximum at some point r. m G 
[ r i, r 2]- The above two inequalities prevent r m to be equal to n or r2 and, since w is a viscosity 
subsolution to /(r, 9 r ?j, d 2 i>) = in (0, 1), we have 

1 -d r (r^ld^Mr^M) (r TO ) - |$.*(r m )|« < 0. 



But, owing to d r $(r) < 0, (|2.9[) and a > 1, we conclude similarly to (|2.8p that 

— Sf=iA (r JV - 1 |a r $(r)| p - 2 a r $(r)) (r m ) - |a r $(r m )| 9 = (a - l)|c> r $(r TO )| 9 > 



7'n 
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and end up with a contradiction. 



//// 



We are now in a position to prove Theorem 11.11 The keystone of the proof is that, according to 
Lemma 12.21 and Lemma 12. 31 any non-increasing viscosity solution to f(r,d r v,d^v) = in (0,1) 
satisfying w(l) = has to fulfil 



Proof of Theorem II. 11 

Let w G W 1,ao ((0 : 1)) be a non-increasing viscosity solution to f(r, d r v, d^v) = in (0, 1) satisfying 
w(l) = 0. Either w = = w\ or M := ||w||l~((o,i)) > an d we define ro G [0, 1) by 

r := inf{r G (0,1] : w(r) < M}. 

Now, owing to Lemma 12.21 and Lemma 12.31 there is a constant 7 G R such that 



r 13 1 x{d r w(r)) + — = 7 



(2.11) 



for any r G (ro, 1) fl D(w) and thus a.e. in (ro, 1). Combining the monotonicity of w and x with 
p. lip , we moreover deduce that 



and 



d r w(r) = — 



7 < — 

7 " (3 



(2.12) 



l/(p-l-g) 



p-1 V/3 

Integrating and using the boundary condition w(l) = 0, we obtain 
1 

'p-l-q 



for a.e. r G (r , 1) 



w(r) 



i/(p-i-g) 



(P - 1)0 

r 

Recalling w(r) = M for r G [0, ro] and the definition of cq, we conclude 

1 

l/(p-l-g) 



dp for any r G [ro , 1] 



w(r)=c Q j (p-lPp-^y 

max{r,ro } 

,0, 



dp, 



r G [0, 11 



(2.13) 



It remains to show that 7 = ?q / (3 in order to obtain that w = w ro . 
Consider first the case ro = 0. Since /3 > 1, the Lipschitz continuity of w yields 7 = = r^/P by 
letting r \ in ([2~TTj) . 

Next, if ?'o £ (0, 1), we assume for contradiction that 7 < r^j (i. Then we fix -d G [0,ro) such that 
7 < i?' 3 //? and choose A > 1 such that 

A*-*-* < 1 + -7/?. 
This choice of A implies that the function 

fl (r) := (1 - 7/^) - A?" 1 -" (1 - ^r-' 3 ) , r G (r , 1), 
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satisfies 

g'(r) = fr-V-l ( 7 A^jj < P'r^- 1 {j~j)<0, re (r , 1), 

and thus 

9(r) > 3(1) > 1-7/3- A p ~ 1 ~ q + ^>0, re [r , 1]. 

Consequently, 

(1 - yPr-P) > KP- 1 -" (1 - d^r-P) , r e [r 0> 1], 
and it follows from (|2.13p that 

d r w(r) = -c r 1 /(P-i-9)(i_ 7/ 3 r -/3) 1 /^- 1 -") 

< -c r 1 /(P- 1 -9) A (l-^r-' 3 ) 1/( ^ 1 " 9) =A9 r ^(r), re(r ,l). 

In particular, w(r) — Aw$(r) < w(ro) — Aw^(ro) for r € [ro, 1]. Furthermore, 

w(r) - Aw#(r) = w(r ) - Au>#(r) < w(r ) - Aw fl (r ), r € [0, r ], 

thanks to the monotonicity of , and the function w — Aw$ has a global maximum at ro . Since 
w$ € C 2 (($, 1)), < ro, and w is a viscosity subsolution to /(r, d r v, d^v) = in (0, 1), we conclude 
that 

/(r ,9 r (A^)(r ),9 r 2 (A^)(ro)) < 0. 
However, as A > 1 and < ro, we clearly have 

/(r ,9 r (A^)(ro),9 2 (A^)(r )) = (A p_1 - A 9 ) \d r w#(r )\« > 0, 
and the contradiction. Therefore, 7 = Tq//3 and w = w ra , which completes the proof. //// 



3 Some properties of solutions to (11.11) 

We now focus on time-dependent solutions to (jl.ip and establish some qualitative properties of 
non-negative and radially symmetric viscosity solutions to p.l[) which are needed to analyse their 
large time behaviour. 

Proposition 3.1 Assume that u 0; p, and q fulfil hi. 2}) and U.3\) . There is a unique non-negative 
viscosity solution u € C{B x [0, oo)) to such that u(x, t) = for x G OB and x \ — > u(x, t) is 

radially symmetric and belongs to W ,0 °(E) for all t > 0. In addition, there is a constant Aq > 
depending only on p, q, and uq, and a decreasing function W € C 1 ([0, oo)) such that 

0<u(x,t)<A o and - A < Vtifx, t) ■ ^- < W(t) , (x, t) e B x [0, oo), (3.1) 

\x\ 

and W(t) — > as t — > oo. 
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Proof. We first derive the expected properties on suitable approximations to (jl.ip which we 
introduce now. For e G (0, 1), let a e <G C°°([0, oo)) and b £ <G C°°([0, co)) be two functions such that 

• a E is bounded and increasing and a e (£) := (e 2 + £)(p~ 2 )/ 2 for £ € [0, e -1 ], 

• b e is increasing. Lipschitz continuous, and & e (£) :— (e 2 + £,) q ^ 2 — e q for £ e [0,e -1 ]. 

In addition, owing to the properties fll.2|) of ito, there exists a sequence (uoe)ee(o.i) of non-negative 
and radially symmetric functions in C°°(B) such that 

||«0e|U«(s) < ||«o||l«(b) +e , ||Vuoe|U~(B) < 2 ||Vu ||l°o( B ), (3.2) 

and 

lim \\u 0e - uollc(S) = °- 

Fix e € (0, 1). According to the properties of a £ , b £ , and uq e , it follows from [T3] that the initial- 
boundary value problem 

d t u e = div(a £ (|Vw e | 2 )Vu e ) +b e (\Vu e \ 2 ), x e B, te(0,oo), 

u e = 0, xedB, iG(0,oo), (3.3) 

w e |t=o = woe, x e B, 

has a unique non- negative classical solution u e . In addition, x i — ► u e (t, x) is radially symmetric 
for every i > and the comparison principle entails that 

0<u E {x,t) < ||uo e ||l~(b) < \\uo\\l^(b) +£, (x,t) e B x [0,oo). (3.4) 

We next derive some estimates on the gradient of u £ and begin with the normal trace d r u e (l,t). 
Let £ e be the parabolic operator 

Cez := 9 t z - - J-j-ft. (r*- 1 ^ (\d r z\ 2 ) d r z) ~ b e (\d r z\ 2 ) , (r, t) e (0, 1) x (0, oo), 

and fix 

A Q e (V3e,e- 1/2 ) such that A a > 2 1 ^ p - 1 - q ^ + 2 (l + ||u ||z,~(b) + \\ Vu \\ L °° {B )) • (3-5) 

Then, thanks to the properties of a e , b £ , and (|3.5p . the function ip defined by ip(r) := Aq(1 — r) 
for r£ [0, 1] satisfies 




> I( £ 2 + A 2 ) (p - 1)/2 -( £ 2 + ^ 2 ) 9/2 >0, re (0,1]. 
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Furthermore, ([3~2]) . (O, and (|3~5| entail that 

and ^ 

u e(r) =~J 9 r u 0e (g) dg < 2||Vu |U(l - r) < VW , r G Q, 1 

Since £ £ M e = in (1/2, 1) x (0, oo), the comparison principle ensures that u £ (r, t) < Aq(1 — r) for 
(r, t) £ (1/2, 1) x (0,oo). Since u £ (l,t) = 0, this implies in particular that < — d r u e (l,t) < A 
for t > 0. Recalling that u s {t) is radially symmetric and smooth, we thus have 

-A Q < d r u e (l,t) < = d r u E (0,t), t>0. (3.6) 

We next estimate the gradient of u £ in B. For that purpose, we introduce the parabolic operator 

M £ z := d t z - d r [(a £ (z 2 ) + 2a' £ (z 2 ) z 1 ) d r z] 



^—^ (a £ {z 2 ) + 2a' e (z 2 ) z 2 ) + 2b' £ (z 2 ) z 2 



0, 



N - 1 



z H s — a-F \ z z 



for (r, t) £ (0, 1) x (0, oo) and readily deduce from (|3.3[) that 

M £ d r u £ = in (0,1) x (0,oo). (3.7) 
Observe next that d r u £ {r 1 0) > — 2|| Vuo||l^(s) > — A) by (|3.2[) and (|3.5[) and 

M E (-^o) = A < , 

which, together with (|3.6p . (|3 . 7[) . and the comparison principle implies that 

-A < d r u £ {r,t) 7 (r,t) £ [0,1] x [0,oo). (3.8) 
Finally, let W £ £ C 1 ([0, oo)) be the solution to the ordinary differential equation 

^ + (N - 1) a £ (W 2 ) W £ = 0, W £ (0) = 2||Vuo||l- (b) . (3.9) 

Then W £ is positive and decreasing, W e (0) > d r u £ (r, 0) for r £ (0, 1) by ()3.2j) . and M £ W £ > in 
(0, 1) x (0, oo) by (|3.9|) . Recalling ()3.7|) . we deduce from the comparison principle that 

d r u £ (r,t) <W £ {t), (r,t) e [0,1] x [0,oo). (3.10) 

Finally, we argue as in [T^l Lemma 5] to deduce from (|3.3[) . (|3.4[) . (|3.8p . and (|3.10p that there is a 
constant C depending on || Vuo|j £ oo( B ), p, q, and iV, such that 

Mz,ti) - u e (i,t2)| < C(|ti - t a | + |*a - i 2 | 1/2 ) (3.11) 
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for any x G B, ti, t 2 G [0, oo) and e G (0, 1). Indeed, consider t\ ^ t 2 and set r := \ti — t 2 \ 1 ^ 2 > 
and L := ma,x{Ao, 2|| ^uo\\l° c {b)}- Since (|3.8|) . (|3.10[) , and the Dirichlet boundary conditions imply 
that \u e (x,t)\ < Ldist(x,dB) for (x,t) eBx [0, oo), we have 



i E (xo,ti) — u £ (xo,t 2 )\ < 2Ldist(xo,dB) < 2Lt if dist(xo, <9-B) < r. 



(3.12) 



If dist(xo, > t and e G (0, 1/L), we infer from (|3.3p . the properties of (a £ ,b £ ), and |Vu E | < L 
in £> x [0, oo) that 



\Ue(xo,h) - U e (x ,t2)| 



< 



< 



< 



< 



1 



\B\t n 
1 



(w £ (x ,ti) - u e (x ,t2))da; 



co\<r} 



\B\T N 



(u e (x, i) — w e (xo, i))da; 



{ |:c — Lc n | <t} 

dtu e {x, t)dxdt 



tl {\'X — X \<T} 

2L 



BW 



N 



l lX ~ X ° ldX 



{\x—xo\<t} 

62 



2LJV 
JV + 1 



N 



div{a £ {\Vu £ \ 2 )Vu £ ) + b £ (\Vu £ \ 2 ) (x,t)dxdt 



tl {\x-x \<t} 



1 



St 



jv 



y /" (e 2 + |Vu £ | 2 ) 9/2 (a;,t)da;di 



*1 — £Co|<t} 



\B\t 



N 



[a £ (|V UE | 2 )|Vu e |] (y,t)dSdt 



ti {|x— xo|=t} 



jN - r + (1 + L 2 ) q l 2 \t\ -t 2 \ + -(1 + i 2 )(f- 2 )/ 2 L|t 1 - ta| 

1 T 



JV 
2LN 
N+l 



+ (1 + L 2 )«/ 2 r 2 + JV(1 + L 2 ) p/2 t. 



Combining (|3.12[) and the above estimate gives the claim (|3.11[) . 



We can now pass to the limit as e — > 0. Owing to (|3.4[) . (|3.8[) . (|3.10p , and (|3.1ip . (u £ ) e is bounded 
in, say, C 0,1 ' 2 {B x (0, 00)) because the uniform Lipschitz continuity in r implies a uniform C ' 1 ^ 2 - 
bound in r; thus (u £ ) £ is relatively compact in C(B x [0, T]) for all T > 0. It follows from the 
stability theorem [TDl Section 6] and the comparison principle for (|1.1[) [TT1 Theorem 2.1] that 
(u £ ) £ converges uniformly towards the unique viscosity solution u to (jl.ip on compact subsets of 
B x [0,oo). The properties of u and the bounds listed in Proposition 13. II then readily follow from 
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this convergence, the properties of u e , (|3.4p . (|3.8p . and (|3.10[) . the function W being the solution 
to the ordinary differential equation 

^ + (N - 1) \W\p~ 2 W = 0, W(0) = 2||Vu |U~ (B ). 

In fact, W(t) = (W(0) 2 - p + (p - 2) (AT - l)t)~ 1/(p ~ 2) for t > and W is obviously positive, de- 
creasing and converges to zero as i — > oo. //// 



By (|3~T|) , the trajectory : t > 0} of the solution u to 1(13)1 is bounded in L°°{B). More 

precise information arc gathered in the next lemma. 

Lemma 3.2 Assume that Uq, p, and q fulfil il.2\) and hl.3\) . Let u be the viscosity solution to 
il.l]) described in Provosition \3 . 1\ Then 1 1 — ► ||it(t)||x,«>(B) is a non-increasing function and 

:= lim ||«(t)||£c. (B) > 0. (3.13) 

Proof. Any positive constant being obviously a supersolution to (|1.1|) . the time monotonicity 
of the L°°(i?)-norm of u readily follows from the comparison principle. Next, since u ^ by (|1.2p . 
there is Xo G B, g > 0, and m > such that 

B g (xo) := {x £ M N : \x — Xq\ < g} C B and u (x) > m for x £ B b {xq). 

Introducing v x (x) := \ < - p ~ q) / < - p ~ 1 ~^w (\x - x \/X) for x G B x {x ) and A G (0,1) (the func- 
tion wq being defined in Theorem II. 1[) . a simple computation shows that v\ is a solution to 
-A p v x - \Vv x \ q = in B x {x ) with u A (x) = < u(x,t) for (x,t) G dB x (x ) x (0,oo). Fur- 
thermore, if A = A m := min{l — \xq\, (raa/c )( p_1_9 ^ p_<? '} , we have u Am (a;) < m < u (x) for 
x G B\ m (xo). The comparison principle QTJ Theorem 2.1] then warrants that u(x,t) > v\ m (x) for 
(x,t) G i?A m (xo) x (0, oo). In particular, ||u(f)||i,=>°(B) > \\v\ m \\l^(b x (x )) f° r a h t > 0, whence 
Moo > IKJU-cs^o)) > 0. //// 



4 Convergence to steady states 

We introduce the half-relaxed limits 

u*(x) := liminf u(x,e~ 1 s), xdB, 

( S>e )^(t,0) 

and 

u*(x) := limsup u(cc,e _1 s), x G -B, 

( S , £ )-.(t,0) 

which are well-defined and do not depend on t > 0. Moreover, we infer from the stability theorem 
(see [TUJ Lemma 6.1]) that 

u* is a viscosity subsolution to F(\7z, D 2 z) — in B, (4-1) 
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u* is a viscosity supersolution to F(S7z, D 2 z) = in B. (4-2) 
Next we state some useful properties of the half- relaxed limits. 

Lemma 4.1 The half-relaxed limits u* and u* enjoy the following properties: 

u* G W r '°°(B), u* G W 1,0 °(B), (4.3) 

< u*(x) < u*(x), xeB, (4.4) 

u» and u* are radially symmetric and non-increasing, (4-5) 

u.(0) = u*(0) = := lim \\u{t)\\ L ~t B) > 0, (4.6) 

u*(x) = u*{x) =0 forxe dB. (4.7) 

Proof. By ([3~Tj) there is L := max{A , W(0)} > such that 

u(x,e~ 1 s) < u(y,s~ 1 s) + L\x — y\ for all (x, y, e~ 1 s) G B x £? x [0, oo) , (4.8) 

from which we deduce that «* and it* are Lipschitz continuous in B by taking the lim sup or 
liminf in e and s. This proves (|4.3[) . while (|4.4[) comes directly from the definition of u t and it* 
and the facts that u is non-negative, radially symmetric for any t > and vanishes identically on 
9-B x (0, oo). The proof of (|4.7|) uses, in addition, the uniform Lipschitz and C 0,1 ' 2 -bounds we 
have for u in space and time respectively. 

In order to prove (|4.5p . we use Proposition ^. II there is a decreasing function T4 7 such that W(t) — > 
as t — > oo and 

u(x,i) < + W(t)(|a;| - \y\) for (x,y) G B x B such that |x| > |y|. (4.9) 

Using this inequality with t = e~ 1 s and taking the lim sup or liminf in e and s lead to either 
u*(x) < or u*(x) < for any (x,y) £ B x B such that |x| > \y\ because W(t) — ► as 

t — > oo, hence to (|4.5I1 . 

It remains to show (14. 6p . To this end, we recall that is well-defined and positive by (|3 . 1 3[) and 
first claim that 

lim u(0,t) = Moo. (4.10) 

t— *oc 

Indeed, (|4.9|) implies 

u(x, t) < u(0, t) + W(t)\x\ < u(0, t) + W(t) < ||ti(t)|| £ <»(B) + x G B 

whence 

ll«(*)IU-(B) < «(o, t) + w(t) < \\ u (t)\\ L oo {B) + w(t), 

and (|4~T0)) due to W(t) -> as t -> oo. 

Moreover, by the definition of the half-relaxed limits, we have u»(0) = u*(Q) = M M and 

< ||w*||i~(B) < Moo. 

This completes the proof of (j4~6]) . //// 
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Now, owing to the monotonicity and radial symmetry of m* and m*, there are r* € [0,1] and 
r* G [0, 1] such that 



m*(:e) = Mqo if |x| < r* and u»(x) < M m if \x\ G (r*, 1], 
u*(x) = Moo if k| < r* and u*(x) < if |x| G (r*, 1], 



Due to ([321), and P~7) , we have 



< r* < r* < 1. 



(4.11) 
(4.12) 

(4.13) 



Next, we show that Am, is a strict supcrsolution to the stationary equation in a subset of B for 
A> 1. 

Lemma 4.2 Fix A > 1 and S G (0, 1 — r*). 27ien there are rs G (r*, r* + J) and e^a > such that 
Am* zs a viscosity super solution to f(r,d r z,d%z) = e^a m (r<5, 1). In addition, es,A — > as A \ 1. 

PROOF. Fix 5 G (0, 1 - r„). Then, due to (f4~5|l . and (|^7TT]) . there is r s G (r»,r* + <5) 

such that u* is differentiable at rs and e^M^ra) < 0. Since u* is a viscosity supersolution to 
/(r, <9 r z, d^z) = in (0, 1), it is also a viscosity supersolution to fo{r, d r z, d^z) = in (0, 1) and it 
follows from Lemma |2~T1 that 

d r u*(r) < A N -^/^d r u,(r) < r { s N - 1)np ~ 1] d r u.4r s ) =: -m s < 

for a.e. r G (rs, 1). Integrating and using the continuity of m* wc conclude that 

u*(r) < w»(ri) — ms(r — n) (4-14) 

for all r\ G [rs, 1] and r G [ri , 1] . 

Consider A > 1, $ G C 2 ((rs, 1)) and assume that Am* — $ has a local minimum at some ro G (rs, 1). 
Then m* — ($/A) has a local minimum at ro and (|4.2p implies 



'o 



„N-1 



'I 



p-2 



'I 



(ro) 



> 0, 



-j^dr f/- 1 |a r $| p - 2 a r $) (r ) - A*- 1 -" \dMr Q )\ q > 0. 



Thus, wc have 



-d r (r^- 1 !^*!"- 2 ^) (r ) - |9,$(r )| 9 > (A p ^ 1 ^ 9 - l) |$.$(r )|« 



(4.15) 



Now, since Am* — $ has a local minimum at ro, we infer from (|4.14[) that, for r G [ro, ro + rj] with 
■n > small enough, 

u*(r ) < — j h < — a 1" «*( r o) - m$(r - r ) 



A 



Hence. 



A " A 
$(r) $(r ) 



A ' 



A 



A 



< -m s (r - r Q ) 
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and thus 

-d r $(r Q ) < -m s < 
which implies |<9 r $(ro)| > Arris . Consequently, (|4.15p becomes 

f(r 07 d r <S>(r ) : d 2 r <S>(r )) > (A^ 1 ^ - l) A«m| =: e SA > 0, 
which ends the proof. //// 



We are now able to prove that the half-relaxed limits it* and u* coincide. 

Lemma 4.3 We have — u* on B. 

Proof. We fixA>l>A>0 such that A > r* and 

S := f 1 - \(P-i)/(J-^)) e (0, A - r.)- 

Defining now 

U(r) := A«*(r), r G [0, 1], and V(r) := \iP-i)/(p-^-i) u * (Z) ; r e [o, A], 
we obtain due to (|4.13[) 

U(r)>u*{r)=M 00 >V{r) forre[0,r*]. (4.16) 

Furthermore, we infer from the Lipschitz continuity of that, for r £ (tv,tv + 5], 

U(r) > u*(r) > (r*) - ||V«*|U°°(b) \ r - r *\ 

= Aloe - ||Vu*||i,oo( B ) |r - r» | > Moo - <J||Vu*||i=o( B ) 
> A (p-9)/(p-i-9) A/oo > y( r ). 

Recalling (|4.16p . we have thus shown that 

U(r) > V(r) for r 6 [0, r* + <5] . (4.17) 

Next, we define I\ :— (r*+S, A). On the one hand, V is a viscosity subsolution to f(r, d r z, d 2 z) = 
in I\. Indeed, take 4> £ C 2 (I\) and assume that V — $ has a local maximum at ri E I\. Then 
u* - * has a local maximum at ri/A, where \P(r) := A _(p ~ 9)/(p ~ 1_9:i <i>(Ar) for r G ((r* + 5)/A, 1). 
Owing to (|4.1[) . we obtain 

Consequently, 

> A ?/ ( p - 1 -«J/(yiA~ 1/Cp ~ 1 ~ ,) ^*(ri),A 1 - 1/ t p - 1 - ?) ^$(ri)) 

= -( P -i)\d r <s>(ri)r 2 d?Mn) - ^-\d,M ri )r 2 dM ri ) - \d r $(n)\« 
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and V is a viscosity subsolution to f(r,d r z,d 2 z) = in I\. On the other hand, it follows from 
Lemma l4~2l that U is a viscosity supersolution to f(r, d r z, d^z) = es.a in I\ with some £g,A > 0- As 
furthermore V(r) = < U(r) for r — A and U(r) > V(r) for r = r* + 5 due to (|4.17[) . we conclude 
that 

U(r) > V(r) for r e [r* + (5, A] 
by (TUJ Section 5C]. Using (|4.17p . we end up with 

Au*(r) > \<P-i)/<P- i -<d Vl * Q for r e [0, A]. 

Letting now A \ 1 and A f 1, we conclude > m* in [0, 1] which, together with (|4.4p , implies 

u* = u*. 1 1 1 1 



Finally, we prove Theorem II. 31 
Proof of Theorem 11.31 

Defining Uoq := = u* by Lemma 14.31 (|4.ip . (|4.2p . and Lemma |4. II imply that Moo is a radially 
symmetric, non-increasing, and Lipschitz continuous viscosity solution to F(Vz, D 2 z) = in B 
satisfying = on dB. Moreover, ||iioo||i~(B) = Moo > due to (|4.6p . Hence, owing to 
Theorem 1 there is a unique $ G [0, 1) such that 

In particular, the equality w* = u* and the definition of m* and it* provide the uniform convergence 
of u(t) towards u* = w$ in every compact subset of B as t — > oo, see [H Lemme 4.1] or [21 
Lemma V.1.9]. Combining this local convergence with (|4.3[) and (|4. 7(1 gives 

lim - w^Hc(b) = 

and the claim is proved. //// 
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